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ملخص

آلة  . فهي تعتبر88ازير دلتا الآلة المتوازيةالنمذجة و التحكم في هو  المذكرة هذه إليه ترمي الذي الهدف إن

  تبدأ الدراسة   .السريع و الدقيق لأدائها نظرا الصناعية الساحة الأخيرة الآونة مشهورة اجتاحت في

طريقة العامل المبرمج مسبقا مختلف آليات التحكم ). قارنا بعد ذلك  والديناميكية الحركية الهندسية يالنمذجة

 . المحاكاة نتائج عرضنا مختلفة  و مسارات (. اختبرناو طريقة العزم المحسوب

 الآلات في التحكم ، .نمذجة و تحكم دلتا ، الآلة المتوازية، الآليات : مفتاحية كلمات
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α

 

φ φ φ



𝑇𝑖
𝑅

𝑇𝑖
𝑅 = (

𝑐𝑜𝑠φi −𝑠𝑖𝑛φi 0
𝑠𝑖𝑛φi 𝑐𝑜𝑠φi 0
0 0 1

)

β

γ

П



 



𝑂𝐶𝑖/𝑅𝑖⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =  (
𝑟 + 𝑙1 cos (𝛼𝑖)

0
−𝑙1 sin (𝛼𝑖)

)

φ

𝑂𝐶𝑖⃗⃗ ⃗⃗ ⃗⃗  =  𝑇𝑖
𝑅 × 𝑂𝐶𝑖/𝑅𝑖⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

𝑂𝐶𝑖⃗⃗ ⃗⃗ ⃗⃗  =  (
𝑐𝑜𝑠φi −𝑠𝑖𝑛φi 0
𝑠𝑖𝑛φi 𝑐𝑜𝑠φi 0
0 0 1

) × (
𝑟 + 𝑙1 cos (𝛼𝑖)

0
−𝑙1 sin (𝛼𝑖)

)

𝑂𝐶𝑖⃗⃗ ⃗⃗ ⃗⃗  =  (

(𝑟 + 𝑙1 cos(𝛼𝑖)) 𝑐𝑜𝑠φi
(𝑟 + 𝑙1 cos(𝛼𝑖)) 𝑠𝑖𝑛φi

−𝑙1 sin (𝛼𝑖)

)

(𝑥𝑖 − 𝑋)2 + (𝑦𝑖 − 𝑌)2 + (𝑧𝑖 − 𝑍)2 = 𝑙22



{
 

 ((𝑟 + 𝑙1 cos(𝛼1)) 𝑐𝑜𝑠φ1 −𝑋)
2
+ ((𝑟 + 𝑙1 cos(𝛼1)) 𝑠𝑖𝑛φ1 − 𝑌)

2
+ (−𝑙1 sin (𝛼1) − 𝑍)2 = 𝑙2²

((𝑟 + 𝑙1 cos(𝛼2)) 𝑐𝑜𝑠φ2 −𝑋)
2
+ ((𝑟 + 𝑙1 cos(𝛼2)) 𝑠𝑖𝑛φ2 − 𝑌)

2
+ (−𝑙1 sin (𝛼2) − 𝑍)2 = 𝑙2²

((𝑟 + 𝑙1 cos(𝛼3)) 𝑐𝑜𝑠φ3 −𝑋)
2
+ ((𝑟 + 𝑙1 cos(𝛼3)) 𝑠𝑖𝑛φ3 − 𝑌)

2
+ (−𝑙1 sin (𝛼3) − 𝑍)2 = 𝑙2²

𝐷𝑖 = −𝑙2
2 + 𝑙12 + 𝑟2 + 2 × 𝑟 ×  𝑙1 × cos(𝛼𝑖)

𝐸𝑖 = 2 × (𝑟 + 𝑙1 × cos (𝛼𝑖)) × cos (𝜑𝑖) 

𝐹𝑖 = 2 × (𝑟 + 𝑙1 × cos(𝛼𝑖)) × sin(𝜑𝑖)

𝐺𝑖 = −2 × 𝑙1 × sin (𝛼𝑖) 



𝐻1 = 𝐸1𝐺2 − 𝐸1𝐺3 − 𝐸2𝐺1 + 𝐸2𝐺3 + 𝐸3𝐺1 − 𝐸3𝐺2

𝐻2 = −𝐸1𝐹2 + 𝐸1𝐹3 + 𝐸2𝐹1 − 𝐸2𝐹3 − 𝐸3𝐹1 + 𝐸3𝐹2

𝐻3 = −𝐸1𝐷2 + 𝐸1𝐷3 + 𝐸2𝐷1 − 𝐸2𝐷3 − 𝐸3𝐷1 + 𝐸3𝐷2

𝐻4 = 𝐹1𝐷2 − 𝐹1𝐷3 − 𝐹2𝐷1 + 𝐹2𝐷3 + 𝐹3𝐷1 − 𝐹3𝐷2

𝐻5 = −𝐹1𝐺2 + 𝐹1𝐺3 + 𝐹2𝐺1 − 𝐹2𝐺3 − 𝐹3𝐺1 + 𝐹3𝐺2

𝑿 = 𝒁
𝑯𝟓

𝑯𝟐
+
𝑯𝟒

𝑯𝟐

𝒀 = 𝒁
𝑯𝟏

𝑯𝟐
+
𝑯𝟑

𝑯𝟐

𝒁 =
−𝑴± √𝑴² − 𝟒𝑳𝑵

𝟐𝑳

𝐿 =
𝐻5² + 𝐻1²

𝐻2²
+ 1

𝑀 = 2
𝐻5𝐻4 + 𝐻1𝐻3

𝐻2²
−
𝐻5𝐸1 + 𝐻1𝐹1

𝐻2
− 𝐺1

𝑁 =
𝐻4² + 𝐻3²

𝐻2²
−
𝐻4𝐸1 + 𝐻3𝐹1

𝐻2
+ 𝐷1



α
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α α α

θ θ θ

α

((𝑟 + 𝑙1 cos 𝛼𝑖) 𝑐𝑜𝑠φi − 𝑋)
2
+ ((𝑟 + 𝑙1 cos 𝛼𝑖) 𝑠𝑖𝑛φi − 𝑌)

2
+ (−𝑙1 sin 𝛼𝑖 − 𝑍)2  =

𝑙22                                                         

(𝑟 + 𝑙1 cos(𝛼𝑖))2 cos2 φi + 𝑋
2 − 2 𝑋 (𝑟 + 𝑙1 cos(𝛼1𝑖))𝑐𝑜𝑠φi + (𝑟 +

𝑙1 cos(𝛼𝑖))2 sin2 φi + 𝑋
2 − 2 𝑋 (𝑟 + 𝑙1 cos(𝛼𝑖))𝑠𝑖𝑛φi + Z

2 + (𝑙1 sin(𝛼𝑖))2 +

2 𝑍 𝑙1 sin(𝛼𝑖) = 22



cos(𝛼𝑖) [2 𝑟 𝑙1 − 2 𝑋 𝑙1 𝑐𝑜𝑠φi − 2 𝑌 𝑙1 𝑠𝑖𝑛φi  ] + sin(𝛼𝑖)[2 𝑍 𝑙1] =  𝑙2² − 𝑙1² −

𝑟² − 𝑋² − 𝑌² − Z² + 2 𝑋 𝑟 𝑐𝑜𝑠φi + 2 𝑌 𝑟 𝑠𝑖𝑛φi

𝐴𝑖 = 2 𝑟 𝑙1 − 2 𝑋 𝑙1 𝑐𝑜𝑠φi − 2 𝑌 𝑙1 𝑠𝑖𝑛φi

𝐵𝑖 =  2 𝑍 𝑙1

𝐶𝑖 = 𝑙22 − 𝑙12 − 𝑟2 − 𝑋2 − 𝑌2 − Z2 + 2 𝑋 𝑟 𝑐𝑜𝑠φi + 2 𝑌 𝑟 𝑠𝑖𝑛φi

𝐴𝑖 𝑐𝑜𝑠(𝛼𝑖) + 𝐵𝑖 𝑠𝑖𝑛(𝛼𝑖) =  𝐶𝑖

𝛽 = 𝑡𝑎𝑛 (
𝛼𝑖

2
)       et donc     𝑐𝑜𝑠(𝛼𝑖) =

1 − 𝛽2

1 + 𝛽2
     𝑒𝑡    𝑠𝑖𝑛(𝛼𝑖) =

2𝛽

1 + 𝛽2

Ai
1 − 𝛽2

1 + 𝛽2
+ Bi

2𝛽

1 + 𝛽2
=  Ci

(1 − 𝛽2)Ai + 2𝛽Bi = (1 + 𝛽2)Ci

(−𝐴𝑖 − 𝐶𝑖) 𝛽2 + 2Bi  𝛽 + (𝐴𝑖 − 𝐶𝑖) = 0

𝛽

𝛽 =
−2𝐵𝑖 ± √4𝐵𝑖2 + 4(𝐴𝑖 + 𝐶𝑖)(𝐴𝑖 − 𝐶𝑖)

−2(𝐴𝑖 + 𝐶𝑖)
 

𝛽 



αi

2
= atan (

−2𝐵𝑖 ± √4𝐵𝑖2 + 4(𝐴𝑖 + 𝐶𝑖)(𝐴𝑖 − 𝐶𝑖)

−2(𝐴𝑖 + 𝐶𝑖)
)

αi = 2 atan (
2𝐵𝑖 ± √4𝐵𝑖2 + 4(𝐴𝑖 + 𝐶𝑖)(𝐴𝑖 − 𝐶𝑖)

2(𝐴𝑖 + 𝐶𝑖)
)

αi

−

αi = 2 atan (
2𝐵𝑖−√4𝐵𝑖2+4(𝐴𝑖+𝐶𝑖)(𝐴𝑖−𝐶𝑖)

2(𝐴𝑖−𝐶𝑖)
)



 



γ γ

α β

α β

α β



𝐷 = 2 𝑙2 sin 𝛾𝑀𝐴𝑋 

𝐻 = 𝑙1 √(1 +
𝑙2

𝑙1
)
2

− (
𝑟

𝑙1
+ 2

𝑙2 𝑠𝑖𝑛 γMax

𝑙1√3
)
2

−  𝑙1√1 + (
𝑙2

𝑙1
)
2

−
𝑙2

𝑙1
√3

𝑍ℎ = − 𝑙1√1 + (
𝑙2

𝑙1
)
2

− 2
𝑙2

𝑙1
cos (𝛼𝑖 + 𝛽𝑖)𝑀𝐼𝑁

 

 

𝛼𝑖̇ 𝜃𝑖̇

𝑋̇ , 𝑌̇ , 𝑍̇



𝑋 = 𝑍
𝐻5

𝐻2
+
𝐻4

𝐻2
= 𝐹1

𝑌 = 𝑍
𝐻1

𝐻2
+
𝐻3

𝐻2
= 𝐹2

𝑍 =
−𝑀 ± √𝑀² − 4𝐿𝑁

2𝐿
= 𝐹3

α

(
𝑋̇
𝑌̇
𝑍̇

) = 𝐽 . (
𝛼1̇
𝛼2̇
𝛼3̇

)

𝑋̇ =
𝑑𝐹1

𝑑𝑡
=
𝑑𝐹1

𝑑𝛼

𝑑𝛼

𝑑𝑡
=
𝑑𝐹1

𝑑𝛼
 𝛼̇

𝑌̇ =
𝑑𝐹2

𝑑𝑡
=
𝑑𝐹2

𝑑𝛼

𝑑𝛼

𝑑𝑡
=
𝑑𝐹2

𝑑𝛼
 𝛼̇

𝑍̇ =
𝑑𝐹3

𝑑𝑡
=
𝑑𝐹3

𝑑𝛼

𝑑𝛼

𝑑𝑡
=
𝑑𝐹3

𝑑𝛼
 𝛼̇

(
𝑋̇
𝑌̇
𝑍̇

) =

(

 
 
 

𝑑𝐹1

𝑑𝛼
𝑑𝐹2

𝑑𝛼
𝑑𝐹3

𝑑𝛼 )

 
 
 

 . (
𝛼1̇
𝛼2̇
𝛼3̇

)

𝐽 =  

(

 
 
 

𝑑𝐹1

𝑑𝛼
𝑑𝐹2

𝑑𝛼
𝑑𝐹3

𝑑𝛼 )

 
 
 

 



𝐽 =  

(

 
 
 

𝑑𝐹1

𝑑𝛼1

𝑑𝐹1

𝑑𝛼2

𝑑𝐹1

𝑑𝛼3
𝑑𝐹2

𝑑𝛼1

𝑑𝐹2

𝑑𝛼2

𝑑𝐹2

𝑑𝛼3
𝑑𝐹1

𝑑𝛼1

𝑑𝐹1

𝑑𝛼2

𝑑𝐹3

𝑑𝛼3)
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 𝑋̇ , 𝑌̇ , 𝑍̇

𝛼𝑖̇ 𝜃𝑖̇

(
𝛼1̇
𝛼2̇
𝛼3̇

) = 𝐽 −1 . (
𝑋̇
𝑌̇
𝑍̇

)

det(J)  ≠

0





 



 

𝑂𝑃⃗⃗⃗⃗  ⃗ = 𝑓(𝛼)

𝑂𝑃⃗⃗⃗⃗  ⃗
̈
= (

𝑥̈
𝑦̈
𝑧̈

) =
𝑑2𝑂𝑃⃗⃗⃗⃗  ⃗

𝑑𝑡2
(𝛼, 𝛼̇, 𝛼  ̈ )



 



Ftn⃗⃗⃗⃗⃗⃗ = MOP⃗⃗⃗⃗  ⃗ ̈



F⃗ ti = M2OGi⃗⃗ ⃗⃗ ⃗⃗  ̈

𝐹𝑡⃗⃗⃗⃗ 1𝑖  

𝐹𝑡⃗⃗⃗⃗ 2𝑖  



Ft⃗⃗  ⃗1i = Ft⃗⃗  ⃗2i =
Ft⃗⃗  ⃗i
2
=
M2

2
OGi⃗⃗ ⃗⃗ ⃗⃗  ̈

Ft⃗⃗  ⃗2i + Ft⃗⃗  ⃗1i = Ft⃗⃗  ⃗i

M(Gi)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = J2θ̈u⃗ 

u⃗ 

J2 Gi

PCi⃗⃗⃗⃗⃗⃗ 

Fr⃗⃗  ⃗1i + Fr⃗⃗  ⃗2i = 0

Fr⃗⃗  ⃗1i = Fri

GiCi⃗⃗ ⃗⃗ ⃗⃗  ⃗  ∧ Fr⃗⃗  ⃗1i + GiP⃗⃗⃗⃗⃗⃗   ∧ Fr⃗⃗  ⃗2i = M(Gi)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

⇒ Fri  . l2 = J2θ̈

Fri   =
J2θ̈

l2

 GiCi⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ̈ l2

2
θ̈
Fr⃗⃗⃗⃗ 1i

Fri

⇒ Fr⃗⃗  ⃗1i = 2
J2

l2
2  GiCi⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ̈



P⃗⃗ C =
M2

2
g⃗ 

P⃗⃗ N = (
3M2

2
+ M3) . g⃗ 

FCi⃗⃗ ⃗⃗  ⃗ =
M2

2
OGi⃗⃗ ⃗⃗ ⃗⃗  ̈ + 2

J2

l2
2  GiCi⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ̈

FN⃗⃗ ⃗⃗  =  MnOP⃗⃗⃗⃗  ⃗ 
̈ +∑(−2

J2

l2
2  GiCi⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ̈ +

M2

2
OGi⃗⃗ ⃗⃗ ⃗⃗  ̈ )

3

i=1

Fr⃗⃗  ⃗1i 



Ci

PN⃗⃗⃗⃗   et FN ⃗⃗ ⃗⃗  ⃗  {U1⃗⃗⃗⃗  , U2⃗⃗ ⃗⃗  , U3⃗⃗ ⃗⃗  }

PN⃗⃗⃗⃗  et FN ⃗⃗ ⃗⃗ ⃗⃗   

U = [U1⃗⃗⃗⃗    U2⃗⃗ ⃗⃗    U3⃗⃗ ⃗⃗  ]

PN1⃗⃗⃗⃗⃗⃗  = U1⃗⃗⃗⃗   (1 0 0)U
−1PN⃗⃗⃗⃗ 

PN2⃗⃗⃗⃗⃗⃗  = U2⃗⃗ ⃗⃗   (0 1 0)U
−1PN⃗⃗⃗⃗ 

PN3⃗⃗⃗⃗⃗⃗  = U3⃗⃗ ⃗⃗   (0 0 1)U
−1PN⃗⃗⃗⃗ 

FN1⃗⃗ ⃗⃗ ⃗⃗  = U1⃗⃗⃗⃗   (1 0 0)U
−1FN⃗⃗ ⃗⃗  

FN2⃗⃗ ⃗⃗ ⃗⃗  = U2⃗⃗ ⃗⃗   (0 1 0)U
−1FN⃗⃗ ⃗⃗  

𝑈1⃗⃗ ⃗⃗  

𝑈2⃗⃗ ⃗⃗  

𝑈3⃗⃗ ⃗⃗  



FN3⃗⃗ ⃗⃗ ⃗⃗  = U3⃗⃗ ⃗⃗   (0 0 1)U
−1FN⃗⃗ ⃗⃗  

 Ci

Ci ∶ 

Pi⃗⃗ = PNi⃗⃗⃗⃗  ⃗ + P⃗⃗ C

Fi⃗⃗⃗  = FNi⃗⃗ ⃗⃗  ⃗ + FCi⃗⃗ ⃗⃗  ⃗

(OXiZi)

(OXiZi)

Pioxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = (
1 0 0
0 0 0
0 0 1

) . T.i
R Pi⃗⃗ 

Fioxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = (
1 0 0
0 0 0
0 0 1

) . T.i
R Fi⃗⃗⃗  

𝐹𝑁2⃗⃗ ⃗⃗ ⃗⃗   

𝐹𝑁1⃗⃗ ⃗⃗ ⃗⃗   

𝐹𝑁3⃗⃗ ⃗⃗ ⃗⃗   

𝑃𝑁3⃗⃗ ⃗⃗ ⃗⃗   𝑃𝑁2⃗⃗ ⃗⃗ ⃗⃗   
𝑃𝑁1⃗⃗ ⃗⃗ ⃗⃗   



 

Pbr⃗⃗⃗⃗  ⃗ =  Mbrg⃗ 

Pr⃗⃗⃗  =  Mbrg⃗ 

 (OXiZi)

Coi + (010)AiCi⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀Pioxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ + (010)AiGbr⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⋀Pbr⃗⃗⃗⃗  ⃗ + (010)AiGr⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⋀Pr⃗⃗⃗  

= Jαi  ̈ + (010)AiCi⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀Fioxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

𝐹𝑖𝑜𝑥𝑧⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   

𝑃𝑖𝑜𝑥𝑧⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   

𝑃𝑟⃗⃗  ⃗ 

𝑃𝑏𝑟⃗⃗ ⃗⃗⃗⃗  

𝐶𝑜𝑖 



AiCi⃗⃗ ⃗⃗ ⃗⃗  ⃗ =  (
l1 cos (αi)

0
−l1 sin (αi)

)

AiGbr⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =  (
lbr cos(αi − 3.75)

0
−lbr sin(αi − 3.75)

)

AiGr⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =  (
lr sin (αi − 3.75)

0
lr sin (αi − 3.75)

)

 

Co = Jα̈ + f1(α, α̇, α  ̈ ) − f2(α)

f1(α, α̇, α  ̈ ) = (

(010)A1C1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀F1oxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

(010)A2C2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀F2oxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

(010)A3C3⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀F3oxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

)

f2(α) = (

(010)(A1C1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀P1oxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + A3Gbr1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀Pbr⃗⃗⃗⃗  ⃗ + A1Gr1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀Pr⃗⃗⃗  )

(010)(A2C2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀P2oxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + A2Gbr2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀Pbr⃗⃗⃗⃗  ⃗ + A2Gr2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀Pr⃗⃗⃗  )

(010)(A3C3⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀P3oxz⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  + A3Gbr3⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀Pbr⃗⃗⃗⃗  ⃗ + A3Gr3⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗⋀Pr⃗⃗⃗  )

)
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α̈ = inv((
J 0 0
0 J 0
0 0 J

) + A(α)) . (Co + f2(α) − B(α, α̇))

A(α). α̈ + B(α, α̇) = f1(α, α̇, α  ̈ )

 



I = K. U

Cmo = KI. I

U

K

KI

C = Kr . Cmo

C 

Kr = 12 



C = Kr . KI. K. U

C =  Kf. U Kf = 3.08 N.m/V

X1 = α

X2 = α̇

X1̇ = X2

X2̇ = inv((
J 0 0
0 J 0
0 0 J

) + A(X1)) . (3.08 U + f2(X1) − B(X1, X2))

 



 





 

 

 



 

𝜏 = 𝑀(𝑞). 𝑞̈ +  𝑁(𝑞, 𝑞̇) + 𝜏𝑝

τ τ



τ

𝑒̇ = 𝑞𝑑̇ − 𝑞̇

𝑒̈ = 𝑞𝑑̈ − 𝑞̈

𝑞̈ = 𝑀−1(−𝑁 − 𝜏𝑝 + 𝜏) 𝑒̈

𝑒̈ = 𝑞𝑑̈ − 𝑞̈ = 𝑞𝑑̈ −𝑀
−1(𝑁 + 𝜏𝑝 − 𝜏)

𝑣 = 𝑞𝑑̈ +𝑀
−1(𝑁 − 𝜏)

𝑤 = 𝑀−1𝜏𝑝

𝑋 = (𝑒
𝑒̇
)

{
𝑋̇ = (

𝑂 𝐼
𝑂 𝑂

)𝑋 + (
𝑂

𝐼
) 𝑣 + (

𝑂

𝐼
)𝑤

𝑌 = (𝐼 0)𝑋

𝑒̈ = 𝑣

τ

τ

𝜏 = 𝑀. 𝑣 + 𝑁

𝑞̈

𝑞̈ = 𝑀−1(−𝑁 − 𝜏𝑝 +𝑀. 𝑣 + 𝑁) = 𝑣 + 𝑤



𝜏

 

𝑣 = −𝑘 𝑋

τ

𝑁 = (𝐶(−𝐴 + 𝐵𝐾)−1𝐵)−1



𝐴𝑣𝑒𝑐  𝐴 = (
𝑂 𝐼
𝑂 𝑂

) ;  𝐵 = (
𝑂

𝐼
)  ;   𝐶 = (𝐼 0)   𝑒𝑡 𝐼 𝑙𝑎 𝑚𝑎𝑡𝑟𝑖𝑐𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡é 3𝑋3 
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𝑣 = −𝐾𝑑. 𝑒̇ −  𝐾𝑝. 𝑒

{𝑋̇ = (
𝑂 𝐼
−𝐾𝑝 −𝐾𝑑

)𝑋 + (
𝑂

𝐼
)𝑤

𝐴 = (
𝑂 𝐼
−𝐾𝑝 −𝐾𝑑

)

∆(𝑠) = 𝑠² + 𝐾𝑑. 𝑠 + 𝐾𝑝

∆(𝑠) = 𝑠² + 2𝜉𝜔𝑛. 𝑠 +

𝜔𝑛²              avec ξ le coefficient d
′amortissementet ωn la pulsation 

𝐾𝑝 = 𝜔𝑛²       ;       𝐾𝑑 =  2𝜉𝜔𝑛



=
1

√2
𝜔𝑛
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𝑈 = Δ𝑈 + 𝑈0



 

X1̇ = X2

X2̇ = inv((
J 0 0
0 J 0
0 0 J

) + A(X1)) . (3.08 U + f2(X1) − B(X1, X2))

𝑋̇ = 𝐹(𝑋, 𝑈)

(
𝑋𝑓
𝑈𝑓
)

𝑋 = Δ𝑋 + 𝑋𝑓

𝑈 = Δ𝑈 + 𝑈𝑓

 𝑋̇ = Δ𝑋̇ =
𝜕𝐹

𝜕𝑋
𝜕𝑋 +

𝜕𝐹

𝜕𝑈
𝜕𝑈

Δ𝑋̇ =
𝜕𝐹

𝜕𝑋
(𝑋𝑓 , 𝑈𝑓)  Δ𝑋 + 

𝜕𝐹

𝜕𝑈
(𝑋𝑓 , 𝑈𝑓)  Δ𝑈

Δ𝑌 = (
1 0 0
0 1 0
0 0 1

    
0 0 0
0 0 0
0 0 0

) . 𝑋



Δ𝑋̇ = 𝐴  .  Δ𝑋 +  𝐵  .  Δ𝑈

Δ𝑌 = 𝐶. 𝑋

𝐴 =
𝜕𝐹

𝜕𝑋
(𝑋𝑓 , 𝑈𝑓)  

𝐵 =
𝜕𝐹

𝜕𝑈
(𝑋𝑓 , 𝑈𝑓)

𝐶 = (
1 0 0
0 1 0
0 0 1

    
0 0 0
0 0 0
0 0 0

)

 

 𝑈𝑓 

 𝑈𝑓 =  Jα̈𝑓 + f1 (α𝑓 , α̇𝑓 , α  ̈ 𝑓) − f2(α𝑓)

Δ𝑈 = −𝐾𝑓 . Δ𝑋



𝑈 =  𝑈𝑓 + Δ𝑈

𝑈 =  Jα̈𝑓 + f1 (α𝑓 , α̇𝑓 , α  ̈ 𝑓) − f2(α𝑓) − 𝐾𝑓 . Δ𝑋
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