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Résumé

Les techniques de combinaison ont été étudiées, le principe est expliqué et les
performances sont évaluées en terme de SNR moyenne en sortie. Des simulations Matlab
ont été utilisé également pour vérifier les performances de chaque technique et les
comparer par la suite.

Les mots clé : méthodes de combinaison, diversité, performances.

Abstract

Combining techniques have been studied, the principle is explained and the
performances are evaluated in terms of improvement in the average output SNR. Matlab
simulations were also used to verify the performance of each technique and compare
them thereafter.

Key words: Combining techniques, diversity, performance
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List of abbreviations

SIMO
SNR
BER
DG
EGC
MRC
SC

Single Input Multiple Output.
Signal to Noise Ratio.

Bit Error Rate.

Diversity Gain.

Equal Gain Combining.
Maximum Ratio Combining.
Selection Combining.
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Introduction

The central idea in diversity is that different antennas receive different versions of the
same signal. The chances of all these copies being in a deep fade is small. These schemes
therefore make most sense when the fading is independent from element to element. In-
dependent fading would arise in a dense urban environment where the several multipath
components add up very differently at each element.

The fading has two main components: large scale fading wich is the result of signal atten-
uation due to signal propagation over large distances and diffraction around large objects
in the propagation path, and the second one is small scale fading which is characterized
by the rapid amplitude fluctuations of signal and frequency variations such as Doppler
effect, generally caused by the impact of multipath that we are dealing with. Diversity
combining is therefore specifically targeted to counteract small scale fading which often
use Rayleigh fading as a model for the signal fluctuation. It must be emphasized that the
Rayleigh model is the easiest and most tractable.

The physical model assumes the fading to be independent from one element to the
next. Each element, therefore, acts as an independent sample of the random fading pro-
cess (here Rayleigh), i.e., each element of the array receives an independent copy of the
transmitted signal. Our goal here is to combine these independent samples to achieve
the desired goal of increasing the SNR and reducing the BER (Bit Error Rate). Be-
cause the N elements in the receiving antenna array, we will receive N independent copies
of the same signal. It is unlikely that all N elements are in a deep fade simultaneously.
If at least one copy has reasonable power, we will be able to adequately process the signal.

We will try here to study the three combining techniques: Maximum Ratio Combining
(MRC), Equal Gain Combining (EGC) and Selection Combining (SC), and show the
performances of each technique using some Matlab simulations, and then make a simple
comparison between them.



Chapter 1

Combining techniques

1.1 Introduction

Within diversity combining are three common techniques: Selection Combining, Maximal
Ratio Combining (MRC) and Equal Gain Combining (EGC). For all three, the goal is to
find a set of weights w, as shown in Fig 1. The three techniques differ in how this weight
vector is chosen. we assume that the receiver has the required knowledge of the channel
fading vector h.

Output Signal

Figure 1.1: The receiver in a diversity combining system [1]

In this chapter we will identify the weight w for each technique, and then the per-
formance of them in term of the outage probability. A comparison between these
techniques in term of the average output SNR will be made in the next chapter. The
concept of the outage probability and the average output SNR will be described
in the section ”figure of merit”. But before that we should first assume a model to follow.



1.2 The model

We assume a lineaire model where the received signal is a sum of the desired signal and

noise:
z=hu(t)+n (1.1)

where (%) is the unit power signal transmitted, h represents the channel (including the
signal power) and n the noise.
The power in the signal over a single symbol period, T}, at element n, is:

Ts Ts
1 1
P = [ OPla®Fdt = 0o (0 7 [ O de = b (12)

u(t) is assumed to have unit power.
Setting E {|n,, (t)]}* = 02 and we get the instantaneous SNR at the n-th element

(1.3)

We are assuming Rayleigh fading, so h, = |hn| €2, where /h,, is uniform in[0, 27] and
|h,| has a Rayleigh pdf, implying |h,|* (and so ,) has an exponential pdf [2].

2 |hy, 2
|| ~ %e'h” /Po (1.4)
I
Tn ~ e Yn/T (1.5)

['=E{v.}=

I" represents the average SNR at each element.

E{lh["} PR (1.6)

o2

1.3 Figures of Merit

We will use two figures of merit: the outage probability and the average output SNR of
the system.

The outage probability is defined as the probability that the output SNR, is below a
threshold ~,.
P =Py <) = [l —e /T (1.7)
The average SNR of the system given an average SNR I' of an element,is given by,

[e9]

E{y}= /vfr(v)dv (1.8)

0
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where

1.4 Selection Combining

The element with the greatest SNR is chosen for further processing. In selection combining

therefore,
1 e =max {7}
We = { 0 otherwise (1.9)
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Figure 1.2: Selection Combining technique [2].

Ve = maz {Yn} (1.10)

Such a scheme would need only a measurement of signal power. Phase shifters or variable

gains are not required. To analyze such a system we look at the probability of outage,
Therefore

N-1
Pout == P[’Y < Vs] = P[717727’y37 -y YN < 78] = H P[’yn < rys] (111)
n=0
The final product expression is valid because the fading at each element is assumed inde-
pendent. Using the pdf of v,

Py = [1—e /MY (1.12)

The outage probability therefore decreases exponentially with the number of elements.
Figure 1.3 illustrates the improvement in outage probability as a function of the number
of elements. As is clearly seen, selecting between just two elements results in significant
performance improvements, almost 10dB at an outage probability of 1%. Note that if
using two elements the output SNR can, at best, double [1].

9
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Figure 1.3: performance of Selection Combining [2].

1.5 Maximum Ratio Combining

In the above formulation of selection diversity, we chose the element with the best SNR.
This is clearly not the optimal solution as fully (N-1) elements of the array are ignored.
Maximal Ratio Combining (MRC) obtains the weights (see Fig 1.1) that maximizes the
output SNR, i.e., it is optimal in terms of SNR.

x(t) = hu(t) + n (1.13)

h = [ho, hy, ...hn_1]" (1.14)

n= [no,nl,...nN_l]T (115)

r(t) = w’x = whu(t) + w’n (1.16)

Since the signal u(t) has unit average power, the instantaneous output SNR is

T E {|wH n\2} '
The noise power in the denominator is given by

P,=F {|an‘2} =F {|annHw‘} =wlE {nnH} w = 2wl Iyw (1.18)

= o*wlw = o?||w||?

where Iy represents an Nx/N identity matrix. Since constants do not matter, one could
always scale w such that |Jw|| = 1. The SNR is therefore given by v = ’th|2 Jo?.
This has a maximum when w is linearly proportional to h, i.e.,

w=h (1.19)

10



Pondération Co-Phaseur

Figure 1.4: MRC technique [2]

the vector w in figure 1.4 is then equal to h

To determine the outage probability we need to determine the pdf of the output
SNR. We use fact that the pdf of the sum of N independent random variables is the
convolution of the individual pdfs. Further, the convolution of two functions is equivalent
to multiplying the two functions in the frequency (or Laplace) domain. We know that
each 7, is exponentially distributed. The characteristic function of a random variable X
is given by F {e_SX }, i.e., the characteristic function is the Laplace transform of the pdf.

1
Fr, (s)=E{e™)} = .
ra (5) {e } 14 s
1 N
Fr(s) = {1 —|—3F] ’
c+joo
— PDF (D) = fr(s) = L' [Fr(s)] = — / g
r r 2 | (1+3F)N s
c—joo
_ 1 ’VN_le—“//F
C(N-1)! TN

where L~! denotes the inverse Laplace transform.
Using this pdf, the outage probability for a threshold ~; is

Vs 1 /}/N—l .
Pour = P (7<) = / MF—Ne_W d,

0
Nl e
— 1 _ _'78/F (_8) —
¢ nz:; '’ nl
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Figure 1.5 illustrates the performance of a MRC with multiple antenna elements. Again,

the large performance gains from using two or more elements is clear.
probability of 1we achieve a diversity gain (DG) of greater than 11dB.
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Figure 1.5: Performance of a maximal ratio combining system [2]
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1.6 Equal Gain Combining

we developed the combiner that is optimal in the sense of SNR. However, the technique
requires the weights to vary with the fading signals, the magnitude of which may fluctuate
over several 10s of dB. The equal gain combiner sidesteps this problem by setting unit
gain at each element. In the equal gain combiner

— (1.25)

— wh = |hyl. (1.26)
N—-1

= wh =" |h|. (1.27)
n=0

Co-Phaseur

Figure 1.6: EGC technique [2]
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Chapter 2

Comparison of the Three Techniques

We compare the performance of the three techniques in terms of the complexity and im-
provement in output avaerage SNR using Matlab simulation results.

For the selection technique, the resulted average SNR of the diversity system of N
element is given by,

2N

The improvement in SNR over that of a single element is of order of (InN)

Eﬁ}zr<c+wmv+;i) (2.1)

For MRC technique using the previous equations of MRC section we find the average

SNR as follow:
Z Vo (2.2)

The output combined instantaneous SNR is, therefore, the sum of the instantaneous
SNR at each element. The best a diversity combiner can do is to choose the weights to
be the fading to each element. In some sense, this answer is expected since the solution
is effectively the matched filter for the fading signal.

the expected value of the output average SNR is therefore N times the average SNR
at each element,

R nih Pyt
v= o2hHp o2

n=0

E{y}=NT (2.3)

Which indicates that on average, the SNR improves by a factor of N. This is significantly
better than the factor of (In/N) improvement in the selection diversity case.

For EGC technique using the previous equations of EGC section we find the average
SNR as follow:

the noise and instantaneous SNR are given by

P, = wwo* = No? (2.4)

14



[Ziv;ol |hn\] :

= 2.5

Using the fact that |h,| is Rayleigh distributed, using the pdf of Eqn 1.5
E(|hna]) = VTR (2.6)
E ((hal?) = Py (27)

Using the SNR defined in Eqn. (2.5) together with Eqns. (2.6) and (2.7) we find the
mean SNR is given by
N-1 2
B[S0
E pum

- [1 +(N-1) ﬂ . (2.9)

(2.8)

The point of this analysis is to show that, despite being significantly simpler to im-
plement, the equal gain combiner results in an improvement in SNR that is comparable
to that of the optimal maximal ratio combiner. The SNR of both combiners increases
linearly with N.

Figures 2.1, 2.2 and 2.3 plots respectively the improvement in SNR as a function of the
number of elements for selection technique, MRC technique, EGC technique and figure 2.4
plot the improvement in SNR, dor the three techniques. As expected the best improvement
is for the maximal ratio combiner, while the worst is for the selection diversity technique.
Note that the improvement in the case of equal gain combining is comparable to that of
maximal ratio combining.

15



SMR improvement with Selection Combining
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Figure 2.1: the improvement in SNR for selection technique [1]

SNR improvement with Maximal Ratio Combining

SNR gain, dB

\ i i i | |
2 4 6 8 10 12 14 16 18 20
MNumber of receive antenna

N R

Figure 2.2: the improvement in SNR for MRC technique [1]
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SNR improvement with Equal Gain Combining

SNR gain, dB
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Mumber of receive antenna

Figure 2.3: the improvement in SNR for EGC technique [1]

SMR improvement with the three technigues

effective SNR, dB

2 4 6 8 10 12 14 16 18 20
Number of receive antenna

Figure 2.4: the improvement in SNR for selection technique [1]

In terms of the required processing, the selection combiner is the easiest - it requires
only a measurement of SNR at each element, not the phase or the amplitude.
Both the maximal ratio and equal gain combiners, on the other hand, require phase in-
formation. The maximal ratio combiner requires accurate measurement of the gain too.

This is clearly difficult to implement, as the dynamic range of a Rayleigh fading signal
may be quite large.

17



Conclusion

we have investigated Selection (the easiest and least optimal), Maximal Ratio (the optimal
and most difficult) and Equal Gain (a trade off between the two). Selection combining
required no phase shifters or gain elements, only the measurement of SNR at each ele-
ment. However, the gain in output SNR rose only on order of InN. MRC required both
phase shifters and variable gains at each element. The gain in SNR rose as N. Finally,
EGC required only phase shifters while still providing gain in SNR on order of N.

For more perspectives the Hybrid Selection / Maximal Ratio Combining (HS-MRC),
or Hybrid Selection/Equal Combining (HS-EGC) that consider hybridization of Selection
combining and other combining technique (MRC, EGC) which is done to improve the
required signal strength and to reduce the noise factor [3][4], could be a better solution.

18
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Annex

Code for computing the SNR improvement in Rayleigh fading channel with selection
diversity.

clear
N = 1074; % number of bits or symbols

% Transmitter
ip = rand(1,N)>0.5; % generating 0,1 with equal probability
s = 2*ip-1; % BPSK modulation

nRx = [1:20];
Eb_NO_dB= [25]; % multiple Eb/NO values

for jj = 1:length(nRx)
forii = 1:length(Eb_NO_dB)

n = 1/sqrt(2)*[randn(nRx(jj),N) + j*randn(nRx(jj),N)]; % white gaussian noise, 0dB variance
h = 1/sqrt(2)*[randn(nRx(jj),N) + j*randn(nRx(jj),N)]; % Rayleigh channel

% Channel and noise Noise addition
sD = kron(ones(nRx(jj),1),s);
y = h.*sD + 10°(-Eb_NO_dB(ii)/20)*n;

% finding the power of the channel on all rx chain
hPower = h.*conj(h);

% finding the maximum power
[hMaxVal ind] = max(hPower,[],1);
hMaxValMat = kron(ones(nRx(jj),1),hMaxVal);

% selecting the chain with the maximum power
ySel = y(hPower==hMaxValMat);
hSel = h(hPower==hMaxValMat);

% effective SNR
EbNOEffSim(ii,jj) = mean(hSel.*conj(hSel));

end
end

% plot

close all

figure
plot(nRx,10*log10(EbNOEffSim),'bp-','LineWidth',2);
axis([12006])

grid on

xlabel('Number of receive antenna');
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ylabel('effective SNR, dB');
title('SNR improvement with Selection Combining');

Code for computing the SNR improvement in Rayleigh fading channel with Maximal
Ratio Combining.

clear
N = 1073; % number of bits or symbols

% Transmitter
ip = rand(1,N)>0.5; % generating 0,1 with equal probability
s = 2*ip-1; % BPSK modulation

nRx = [1:20];
Eb_NO_dB= [25]; % multiple Eb/NO values

for jj = 1:length(nRx)
for ii = 1:length(Eb_NO_dB)

n = 1/sqrt(2)*[randn(nRx(jj),N) + j*randn(nRx(jj),N)]; % white gaussian noise, 0dB variance
h = 1/sqrt(2)*[randn(nRx(jj),N) + j*randn(nRx(jj),N)]; % Rayleigh channel

% Channel and noise Noise addition
sD = kron(ones(nRx(jj),1),s);%sD = 1;
y =h.*sD + 107(-Eb_NO_dB(ii)/20)*n;

% maximal ratio combining
yHat = sum(conj(h).*y,1);

% effective SNR
EbNOEffSim(ii,jj) = mean(abs(yHat));
end
end

close all

figure
plot(nRx,10*log10(EbNOEffSim),'mp-','LineWidth',2);
axis([1 20 0 16])

grid on

xlabel('Number of receive antenna');

ylabel('SNR gain, dB');

title('SNR improvement with Maximal Ratio Combining');

21




Code for computing the SNR improvement in Rayleigh fading channel with EGC
diversity

clear
N = 1074; % number of bits or symbols

% Transmitter

ip = rand(1,N)>0.5; % generating 0,1 with equal probability
s = 2*ip-1; % BPSK modulation

nRx = [1:20];

Eb_NO_dB = [25]; % multiple Eb/NO values

for jj = 1:length(nRx)
for ii = 1:length(Eb_NO_dB)

n = 1/sqrt(2)*[randn(nRx(jj),N) + j*randn(nRx(jj),N)]; % white gaussian noise, 0dB variance
h = 1/sqrt(2)*[randn(nRx(jj),N) + j*randn(nRx(jj),N)]; % Rayleigh channel

% Channel and noise Noise addition
sD = kron(ones(nRx(jj),1),s);
y =h.*sD + 107(-Eb_NO_dB(ii)/20)*n;

% equalization with equal gain combining
yHat = y.*exp(-j*angle(h)); % removing the phase of the channel
yHat = sum(yHat,1); % adding values from all the receive chains

% effective SNR
EbNOEffSim(ii,jj) = mean(yHat.*conj(yHat))/nRx(jj);

end
end

% plot
close all
figure

plot(nRx,10*log10(EbNOEffSim),'bp-','LineWidth',2);
axis([1 20 0 14])

grid on

xlabel('Number of receive antenna');

ylabel('SNR gain, dB');

title('SNR improvement with Equal Gain Combining');
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Code for comparing the three techniques

clear
N = 1074; % number of bits or symbols

% Transmitter
ip = rand(1,N)>0.5; % generating 0,1 with equal probability
s = 2*ip-1; % BPSK modulation

nRx = [1:20];
Eb_NO_dB= [25]; % multiple Eb/NO values

for jj = 1:length(nRx)
forii = 1:length(Eb_NO_dB)
n = 1/sqrt(2)*[randn(nRx(jj),N) + j*randn(nRx(jj),N)]; % white gaussian noise, 0dB variance
h = 1/sqrt(2)*[randn(nRx(jj),N) + j*randn(nRx(jj),N)]; % Rayleigh channel

% Channel and noise Noise addition
sD = kron(ones(nRx(jj),1),s);%sD = 1;
y = h.*sD + 10°(-Eb_NO_dB(ii)/20)*n;

% maximal ratio combining

yHat = sum(conj(h).*y,1);

% effective SNR

EbNOEff_mrc(ii,jj) = mean(abs(yHat));

%selection
% finding the power of the channel on all rx chain
hPower = h.*conj(h);

% finding the maximum power
[hMaxVal ind] = max(hPower,[],1);
hMaxValMat = kron(ones(nRx(jj),1),hMaxVal);

% selecting the chain with the maximum power
ySel = y(hPower==hMaxValMat);

hSel = h(hPower==hMaxValMat);

% effective SNR

EbNOEff_sc(ii,jj) = mean(hSel.*conj(hSel));

% equalization with equal gain combining
yHat_e =y.*exp(-j*angle(h)); % removing the phase of the channel
yHat_e = sum(yHat_e,1); % adding values from all the receive chains

% effective SNR
EbNOEff_egc(ii,jj) = mean(yHat_e.*conj(yHat_e))/nRx(jj);
end
end

% plot
close all
figure

23




plot(nRx,10*log10(EbNOEff _egc),'gd-','LineWidth',2);
hold on
plot(nRx,10*log10(EbNOEff_sc),'bp-','LineWidth',2);
hold on

plot(nRx,10*log10(EbNOEff _mrc),'mp-','LineWidth',2);

grid on

legend('mrc','sc', 'egc');

axis([1 20 0 16])

xlabel('Number of receive antenna');
ylabel('effective SNR, dB');

title('SNR improvement with the three techniques');
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